The perfectly matched layer (PML) is an efficient absorbing boundary condition for mitigating undesired reflections in seismic wave modelling. However, the performance of the conventional split-field PML (S-PML) is severely reduced at grazing incidence. Very low frequency waves and evanescent waves can also cause spurious reflections on the PML interface. Such problems could be circumvented by using the complex-frequency-shifted (CFS) stretching tensor in the PML. However, it is difficult to adopt the CFS stretching tensor in the S-PML. A matched Z-transform PML (MZT-PML) technique applied in electromagnetic modelling results in a complete unsplit-field form. In this paper, we show that the MZT-PML can easily implement the CFS stretching tensor and be adopted for elastic wave finite-difference time-domain modelling. The numerical tests in an elongated model illustrate that the complex-frequency-shifted matched Z-transform perfectly matched layer (CFS MZT-PML) can substantially improve performance by eliminating the spurious reflections at grazing incidence. The numerical stability of the CFS MZT-PML is verified by long time computation of the total energy. Also, we conduct a numerical test in a two-layer heterogeneous model showing that the CFS MZT-PML can also be used to simulate efficiently the wave propagation in more complex structures.
Introduction
In the numerical simulation of seismic wave propagation in an unbounded space, absorbing boundary conditions are used for mitigating spurious reflections caused by the truncation of the model. The perfectly matched layer (PML), introduced 3 Author to whom any correspondence should be addressed.
by Bérenger (1994) for Maxwell's equations, is an efficient method to terminate finite-difference time-domain (FDTD) lattices because it has the advantage of having a zero reflection coefficient at a wide range of incidence angles and frequencies. At present, this technique is generally considered to be the optimal absorbing boundary condition. Chew and Liu (1996) and Hasting et al (1996) independently demonstrate that the PML is also efficient for the modelling of elastic wave equations. After Bérenger's PML was proposed, it was mathematically proved that the PML formulation is based on the concept of complex coordinate stretching (Chew and Weedon 1994) . The complex coordinate stretching formulation is that the space in the PML is stretched by a complex tensor in such a way that the damping affects only the orthogonal wavefield components. It indicates that the PMLs with the classical stretching tensor have degraded performance in absorbing evanescent or very low frequency waves. Besides, at grazing incidence the classical stretched coordinate PML suffers from large spurious reflections making it less efficient, especially in the case of very thin mesh slices and receivers located at large offset. To circumvent these problems, the CFS stretching tensor (Kuzuoglu and Mittra 1996) was introduced, which can improve the performance of the PML in electromagnetic wave modelling. We denote the PML with the CFS stretching tensor as CFS PML in this paper to emphasize the conception of using this stretching tensor.
In the classical PML algorithm, to solve the stretched wave propagation equations in the time-domain, splitting the wave-field components non-physically (split-field PML, S-PML) is required to include a complex stretching tensor. In fact, such an implementation is difficult for including the CFS stretching tensor in the PML equations. Roden and Gedney (2000) proposed a convolutional PML (C-PML) to replace the classical stretching tensor by the CFS stretching tensor for Maxwell equation modelling, which produced the CFS C-PML technique. It involves a convolution term in the PML equation resulting in an unsplit-field form. Recently, the CFS C-PML has been adapted to seismic wave modelling in the purely elastic (Drossaert and Giannopoulos 2007, Komatitsch and Martin 2007) and real media (Martin et al 2008, Martin and Komatitsch 2009 ). In addition, Romadan (2003) derived an alternative unsplit-field PML implementation using auxiliary differential equations (auxiliary differential equation PML, ADE-PML) for Maxwell's equation. The ADE-PML was also introduced in seismic wave modelling (Martin et al 2010, Zhang and Shen 2010) to include the CFS stretching tensor, which is the so-called CFS ADE-PML. Martin et al (2010) proved that the C-PML is equivalent to the ADE-PML. Notably, the above two PMLs are based on Fourier-transform theory. Recently, another novel PML technique proposed by Li and Dai (2008) , the matched Z-transform PML (MZT-PML), has been applied to electromagnetic wave modelling. Through the matched Ztransform method, this alternative technique also results in an unsplit-field PML form. Nevertheless, from recent literature there are few reports found on applying the MZT-PML to seismic wave modelling or converting it into a CFS PML form.
This paper applies the MZT-PML to elastic wave modelling and demonstrates that it can easily involve the CFS stretching tensor. In order to avoid confusion, we refer to our approach as the complex-frequency-shifted matched Z-transform PML (CFS MZT-PML). The derivation of the unsplit-field PML formulation in this technique is relatively simple and straightforward owing to the property of matched Z-transform. To demonstrate the performance of the CFS MZT-PML, we give a numerical example of modelling grazing-incidence case in comparison with the S-PML and CFS C-PML. An example of a two-layer heterogeneous model is also given to validate performance in more complex structures.
Theory
We consider the velocity-stress system of the elastic wave equations for an isotropic medium in Cartesian coordinates. The velocity-stress equations in the PML absorbing boundary can be written in tensor form in the frequency domain:
where v and σ are the velocity vector and the stress tensor, respectively, ρ is the mass density and c is the stiffness tensor. In this paper, the operator ∂ followed by subscript t, x and y means a derivative with respect to t, x and y. In the 2D case the operator ∇ S is defined as
wherex andŷ are unit vectors and S η (η = x, y) is the complex stretched coordinate tensor that determines the absorbing characteristics of the PML. The classical stretching tensor
which is commonly used in elastic wave modelling can lead to large reflections for the waves that interact with the PML zone in the long term at grazing incidence. In the stretching tensor S η , the real coefficient d η 0 is the attenuation factor that causes the amplitude of the wave field to be reduced exponentially inside the PML layer. The occurrence of large reflections is due to the fact that the classical stretching tensor only has an effect on the absorption of propagating waves, but not on the evanescent waves propagating parallel to the interface between the PML and the inner domain. Moreover, the classical stretching tensor becomes singular for very low frequency waves which can lead to spurious reflections. Grazing angles of incidence are important when the source or scatter is located close to the PML, and near-grazing angles are also common in very thin slice models. To overcome these drawbacks, the CFS stretching tensor was introduced in electromagnetic wave modelling by shifting the singularity in the stretching tensor off the real-axis into the negative imaginary half of the complex plane. This implementation makes the PML possess strict causality. As a result, the performance of the PML can be improved. The CFS tensor is defined as
where κ η 1 is the scaling factor and α η 0 is the frequencyshifted factor that makes the attenuation frequency dependent. The values of κ η and α η are real. Numerical tests have proven that the coefficient κ is important for the absorption of the evanescent and grazing incident waves (Liu 1999, Drossaert and Giannopoulos 2007) , and the rationale behind this has been theoretically explained in the case of elastic wave propagation (Zhang and Shen 2010) , whereas the attenuation coefficient α mainly affects the absorption of the low-frequency waves. The parameters d η , α η and κ η are all functions of η.
To avoid the numerical reflections from the interface between the PML and the computational (or inner) domain, the attenuation coefficients have to increase gradually. In this work, we choose the commonly used polynomial scaling function (Collino and Tsogka 2001) for the attenuation coefficient in the PML layer as follows:
where L is the physical thickness of the PML layer. In general, we set the parameters p d = 2, p α = 1 and p κ = 2. The optimum setting coefficients d max , α max and κ max are dependent on a specific physical problem and this will be introduced in the numerical test section. It is worth noting that, in any PML formulation, the damping contributions coming from the PML located along the x and y directions, respectively, are simply summed in the corners of the absorbing boundary. Special modification is not needed for the corners. Considering a 2D isotropic case, equation (1) can be developed as the component formulation:
where λ and μ are the Lamé parameters. Because the CFS stretching tensor is a function of frequency, transforming equation (5) back into the time domain produces a convolution term in the C-PML algorithm (Roden and Gedney 2000) . However, either convolution in the time domain or multiplication in the frequency domain is equivalent to a simple multiplication in the Z-domain; thus, transforming equation (5) into the Z-domain instead will lead to a relatively simple derivation. The basic idea of Z-transform implementation of the CFS stretching tensor is to convert the reciprocal of S η (ω) into a multiplication of two parts and keep iω in only one of them:
Transforming equation (6) into the S-domain using the relationship iω → s, we have 1
Applying the matched Z-transform method using the mapping
where ZT [·] represents the matched Z-transform operation and t is a time sampling step. For brevity we only discuss the PML formulation of equation (5a), as the derivation on the other equations is very similar. Also, we presume that the PML starts from η = 0 (η = x, y). Transforming equation (5a) from the frequency domain to the Z-domain, we have
where (1 − z −1 )/ t is the Z-transform of iω, considering the mapping relationships iω → ∂ t and∂ t → 1 − z −1 / t. By substituting equation (8) into (9), we obtain
Then the two auxiliary variables σ xx ,x and σ xy ,y , with respect to the partial derivative of stress ∂ x σ xx and ∂ y σ xy respectively, are introduced:
We convert equation (11) into
where b η = e −(α η +d η /κ η ) t . Thus, equation (9) can be written as
where a η = e −α η t . Considering that the z −1 operator corresponds to a single-step delay in the discrete time domain (12) and (13) can be written directly as a finite-difference time-marching scheme, respectively: (14) is the time-update algorithm of the velocity component v x as well as the auxiliary variables σ xx ,x and σ xy ,y for the CFS MZT-PML. The discrete auxiliary variables need to be calculated before the update of the velocity field v and stress field σ. Note that in equation (14c), the calculation requires the value of both at the current time step n + 1 and previous time step n; hence n should be stored in a temporary variable before update. The CFS MZT-PML equations for the velocity component v y and stress components σ xx , σ yy and σ xy can be derived in the same manner.
From equation (14) we can observe that the computer memory requirement of the CFS MZT-PML is the same as that of the CFS C-PML Martin 2007, Drossaert and Giannopoulos 2007) or CFS ADE-PML Shen 2010, Martin et al 2010) : one auxiliary variable per normal derivative to the PML and less than the classical S-PML.
Numerical test
To demonstrate the behaviour of the proposed CFS MZT-PML technique, we will present the results of a numerical test, comparing with the S-PML, which has been commonly used, and the CFS C-PML, which is another implementation of CFS PML. It should be emphasized that the chosen approach of PML, whether the MZT-PML, C-PML, ADE-PML or a possible nearly-PML , should not significantly affect the performance of the PML as long as the same type of stretching tensor (classical or CFS) is used. For the sake of simplicity, we choose to implement the staggered finite-difference method for seismic wave equations in velocity-stress form (Virieux 1986 ) introduced in many applications. In particular, we use the fourth-order scheme in space to exhibit the numerical dispersion and second-order leapfrog scheme in time.
Isotropic homogeneous model
The 2D model we used here comprises a long elongated domain with four PML zones, which can be used to analyse near-grazing angles along the PML boundary and the impact of the PML on waves that arrived to a large offset. The model size is 7000 m × 1000 m discretized using a grid comprising 701 × 101 points and truncated by ten-cell-thick PML zones. It is discretized spatially with a cell size of x = y = 10 m and temporally with a time step of t = 1.2 ms to guarantee the Courant-Friedrichs-Lewy (CFL) stability of simulation. We run the simulation for 5000 time steps (a total duration of 6 s). The medium has a pressure-wave speed of c p = 3500 m s . In order to generate the pressure and shear waves impinging on the PML at different angles of incidence, we implement a velocity force source tilted at 135
• , as in the approach of Komatitsch and Martin (2007) Receiver 1 is used for analysing the impact of the PML on waves at vertical angles along the PML; receivers 2 and 3 are used for analysing the impact of the PML on waves at grazing angles along the PML; receiver 3 and receiver 4 are very far away from the source in order to analyse the impact of the PML on waves that travel a long distance. The schematic diagram of the model and seismic-survey system is shown in figure 1 .
A reference solution is needed for validating the test solution calculated when implementing the PML absorbing boundary. In this paper, the reference solution is calculated by using the same numerical scheme on a sufficiently large model without the PML boundaries. The source is located at the centre of the model and the receiver points are located at the same position relative to the source as the model with the PML boundary.
As presented in equation (3) in the theory section, the coefficients κ and α play an important role in improving absorption in the CFS stretching tensor. The values of the attenuation coefficients d η , κ η and α η are calculated in equation (4). The optimal value of d max can be estimated through a theoretical reflection coefficient R c (Collino and Tsogka 2001) :
where c max is equal to the maximum speed of the pressure wave (the pressure-wave speed is always larger than the shearwave speed), and the theoretical reflection coefficient R c for the normal incident plane pressure wave is set via the relationship (Zhang and Shen 2010)
where N PML is the cell thickness of the PML (number of PML grid-points). In seismic modelling, the optimal value of the auxiliary attenuation coefficients α max and κ max for improving the absorption at grazing incidence can be estimated respectively as (Festa and Vilotte 2005, Zhang and Shen 2010) 
and where f c is the centre frequency of the source wavelet, c min is the minimum shear-wave speed, h is the maximum cell size and PPW 0 is the minimal points per dominant wavelength requirement of the numerical scheme and we have PPW 0 = 6 because of the fourth-order finite-difference scheme in space. The coefficient α mainly affects the damping of low-frequency waves, but does not significantly improve the absorption of body waves. The coefficient κ is more efficient and important in damping the evanescent waves at grazing incidence. We find that the value of κ opt calculated by equation (18) is not enough to damp the strong evanescent waves at very large offset. Therefore, a larger value of κ max is needed to ensure the accuracy of simulating the waves that travel a very long distance. It is important to mention that the value of κ max should not increase unlimitedly, considering that too large a value of κ max (e.g. κ max 2κ opt ) will dramatically reduce the number of sampling points per dominant wavelength in the PML boundary (Zhang and Shen 2010) . We set κ max = 1.75κ opt = 14.73 to ensure a better performance of the CFS stretching tensor at a very large offset. Also, a larger value of d max is needed to obtain optimal damping, in that κ may cause slight reflections and especially weaken the absorption of normal incidence waves due to a different number of sampling points per wavelength between the inner and the PML domain. We increase d max to 2.5 times as large the value of d opt calculated by equation (15) In order to illustrate the performance of the CFS MZT-PML, the S-PML and CFS C-PML are implemented for the purpose of comparison. Figure 3 shows snapshots of the velocity component v y at 1.8 s ( figure 3(a) ) and 3.36 s ( figure 3(b) ) for the test models with implementation of the S-PML (top), CFS C-PML, CFS MZT-PML and the reference model (bottom). The spurious waves, from the interface between the PML and the inner domain, are invisible in the CFS C-PML and CFS MZT-PML models. There are clear reflections caused by the grazing incident waves in the S-PML model, and strong spurious oscillations coming from the top PML can be recorded by receiver 4 near the bottom PML. Attentive observations of wave propagation in the S-PML model indicate that seismic waves, trespassing on PML zones at grazing angles, convert into evanescent waves and travel along the interface. The amplitudes of these waves are not attenuated as they are travelling parallel to the PML interface, and transport the spurious energy back into the inner domain. The spurious low-frequency reflections and evanescent waves become stronger with increasing offset. The snapshot of either the CFS C-PML or CFS MZT-PML model is almost identical to that of the reference model, which demonstrates the good capability of the two CFS PMLs at grazing incidence. More particularly, snapshots of the two CFS PMLs do not show obvious differences on the whole. Additionally, a curvature effect ( figure 3(a) ) can be seen on the amplitudes of wavefronts at the top and bottom PMLs in the CFS MZT-PML and CFS C-PML models, in that the coefficient κ efficiently absorbs the near-grazing body wave (Zhang and Shen 2010) . Figure 4 shows that on the seismogram of receiver 1, the agreement of the test solutions with the reference is almost perfect at normal incidence. The curves of difference illustrate that the CFS C-PML and CFS MZT-PML solutions have some difference from the reference solution to an extent, but the error level is acceptable. At receiver 2, at grazing incidence and rather close to the top PML, the seismogram of the S-PML solution shows spurious oscillations while those of the CFS C-PML or CFS MZT-PML solutions remain in agreement with that of the reference solution. At receiver 3, similar to receiver 2 but located at a very large offset, the spurious oscillations become more obvious on the seismogram of the S-PML solution. Both the CFS C-PML and CFS MZT-PML solutions remain acceptable in spite of slight error due to strong Figure 5 . Decay of total energy in the inner domain (without PML zones) on a semi-logarithmic scale for a simulation time interval of 0 to 6 s (left-hand) and 6 to 120 s (right-hand). Tiny oscillations appear approximately after t = 60 s because the value of energy is so small that the effect of round-off of floating-point numbers of the computer can be seen. evanescent waves. At receiver 4, also very far from the source but close to the bottom PML, the oscillations still emerge on the seismogram of the S-PML solution due to spurious reflections from the top PML (the snapshots shown in figure 3 show that the spurious reflections may be recorded by receiver 4). The seismograms of the CFS MZT-PML and CFS C-PML solutions are almost the same, while the curves of difference (figures 4(c) and (d)) illustrate that the CFS MZT-PML obtains an error that is a bit smaller.
Next, we study the numerical stability of the CFS MZT-PML at long time periods, measured by total energy decay of the system versus time. The total energy is defined as
of the inner domain (not including PML zones), where ε is the velocity strain tensor. We present the evolution of total energy over 10 5 time steps (120 s). From the snapshots shown in figure 3(b) , it is seen that the S-wave reaches the right edge of the model and then should completely leave the inner domain after approximately 3.4 s. In figure 5 , the three curves are basically superimposed before 3.4 s. Thus, all the energy that remains is spurious after 3.4 s. From figure 5, we can see that the CFS C-PML and CFS MZT-PML make the total energy decay much faster than the S-PML after 3.4 s. The total energy decays continuously and instability (gradual or rapid rise of the energy curves) does not appear even at long time simulations, thus the long time stability is ensured numerically with the CFS MZT-PML. Overall, there are no significant differences between the energy curves of the CFS C-PML and CFS MZT-PML due to the same energy-decay magnitude. More particularly, the CFS MZT-PML shows decay that is a bit faster in the late-time period (e.g. t 4 s).
Two-layer heterogeneous medium
To study the wave propagation in a common situation, we validate the implementation of the CFS MZT-PML in a twolayer heterogeneous model that consists of isotropic and transversely isotropic media with a horizontal interface. It can be observed from equation (14) that the proposed CFS MZT-PML formulations are independent of the material properties of the computational domain, and thus can be used to truncate transversely isotropic medium without special modification.
We consider a 2D model of size 480 m × 216 m that is discretized using a grid comprising 401 × 181 points, and the cell size is x = y = 1.2 m. A smaller time step t = 0.065 ms is given to guarantee the CFL stability of simulation and the total time step remains 5000 (duration of 0.0325 s). The lower layer is isotropic and has the same property as the homogeneous model used in the previous section; the upper part is transversely isotropic and the elastic constants are c 11 = 20 × 10 10 Pa, c 22 = 20 × 10 10 Pa, c 12 = 3.8 × 10 10 Pa, c 33 = 2 × 10 10 Pa and the density ρ = 4000 kg m . Taking into account that some anisotropic media are unstable for the PML boundary (Bécache et al 2003) , we should mention that the transversely isotropic medium used here is intrinsically stable. The lower layer is shaped as a narrow slice to make the transmitted wave inject the bottom PML at near-grazing incidence. The same source is used but with a higher centre frequency f c = 75 Hz, and the model is also truncated by four ten-cell-thick PML zones. The source is located at the point (x = 22.8 m, y = 22.8 m) and the seismograms are recorded at two receivers: receivers 1 (x = 22.8 m, y = 148.8 m) and 2 (x = 451.2 m, y = 187.2 m). The source and receiver 1 are close to the left PML used for analysing the grazing incidence, and receiver 2 is located in the lower layer and near the bottom PML to validate the absorption of transmitted and alternative waves. The damping coefficients κ max = 1.75κ opt , α max = π f c and d max = 2.5d opt . Figure 6 shows that no spurious wave is visible even at grazing incidence. The difference between the CFS MZT-PML and the reference solution is so small that their seismogram curves are well superimposed (figure 7). It can be seen that the CFS MZT-PML can efficiently absorb the waves in this two-layer heterogeneous model and the spurious waves do not affect the reflected waves from the interface between the two layers. It indicates that the CFS MZT-PML can be used to truncate a more complex structured model to simulate the wave propagation in a common situation.
Discussion and conclusion
We implement the CFS stretching tensor into the MZT-PML technique and introduce the CFS MZT-PML to FDTD modelling of the elastic wave equations. The approach taken here follows the MZT-PML theory proposed in electromagnetic wave modelling. Comparing with the CFS C-PML based on the Fourier-transform and convolution theory, the derivation of the CFS MZT-PML, through the matched Z-transform technique, is relatively simple for the implementation of the CFS stretching tensor.
The numerical tests show that the CFS MZT-PML can efficiently eliminate the spurious reflections at near-grazing incidence. Otherwise, the S-PML technique is not capable of handling such problems. Also, the optimum values of the damping coefficients κ max and d max are actually larger than the ones calculated using equations (15) and (18) according to our study. Thus, the performance of the CFS stretching tensor can be improved at a very large offset when evanescent waves become dominant. From the numerical analysis of the seismograms and difference curves calculated by the simulation of the homogeneous model, it can be concluded that the CFS stretching tensor weakens the absorption of normal incident waves to some extent. However, the error level remains acceptable. The long time simulation shows that the stability is numerically ensured with the CFS MZT-PML. Through the comparison between the CFS MZT-PML and the CFS C-PML, it demonstrates that their performances are very similar, in spite of slight differences due to different discretized algorithms. The implementation of the CFS MZT-PML enables the total energy of the system to decay a bit faster than in the CFS C-PML. In addition, the numerical test for the two-layer heterogeneous model indicates that the CFS MZT-PML can also be applied to simulating wave propagation in more complex structures. Implementation in the 3D case is also straightforward. We will further extend the CFS MZT-PML technique into finiteelement time-domain modelling for the irregular-boundary model.
